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1 List of equations

The total strain is

E =
1

2
(F TF − I), (1)

The �rst Piola-Kir
hho� stress P and the se
ond Piola-Kir
hho� stress S are given by

P = FS, (2)

and

S =
∂ψ

∂E
. (3)

respe
tively, where ψ is the free energy density. The Cau
hy stress is

σ =
1

J
FSF T , (4)

where J = detF . The Kir
hho� stress is de�ned as τ = Jσ .

The equilibrium equation in the referen
e 
on�guration is given by

∇0 · P = 0, (5)

where ∇0 represents the gradient operator with respe
t to the referen
e 
on�guration.

2 Weak form and linearization

The �nite element s
heme has been derived mostly by following Chapter 10 of [1℄. We write the weak

form of the balan
e relation (5) as

R = −

∫

Ω0

(∇0 · P ) · δu dV0 = 0, . (6)

where δu is the virtual displa
ement. Using the Gauss divergen
e theorem and 
onsidering the tra
tion

boundary 
ondition we rewrite R in (6) as

R =

∫

Ω0

P : ∇0(δu) dV0 −

∫

Ω0

∇0 · (P
T
· δu) dV0

=

∫

Ω0

P : ∇0(δu) dV0 −

∫

∂Ω0

pex · δu dA0, (7)
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where pex is the external tra
tion on the external boundary of the body ∂Ω0. Using the relation P = FS

we 
an rewrite (7) as

R =

∫

Ω0

S : F T
∇(δu)F dV0 −

∫

∂Ω0

pex · δu dA0, (8)

where ∇(·) represents the gradient operator with respe
t to the deformed 
on�guration.

We will now work on the �rst integrand of (8). Noti
ing that EIJ = 1

2
(FiIFjJ − δIJ) we 
al
ulate

δEIJ =
1

2

∂δui

∂XI

FiJ +
1

2

∂δui

∂XJ

FiI

=
1

2

∂δui

∂xk
FkIFiJ +

1

2

∂δui

∂xk
FkJFiI

=
1

2

∂δuk

∂xi
FiIFkJ +

1

2

∂δui

∂xk
FkJFiI

= δǫikFkJFiI , (9)

where δǫik =
1

2

(

∂δuk

∂xi
+
∂δui

∂xk

)

. Noti
ing that FSF T
is symmetri
 and using (9) we see that S :

F T
∇(δu)F = S : δE. Hen
e using S = F−1τF−T

the weak form (6) 
an be �nally rewritten as

R =

∫

Ω0

τijδǫij dV0 −

∫

∂Ω0

pex · δu dA0 = 0, (10)

or equivalently,

R =

∫

Ω0

SIJδEIJ dV0 −

∫

∂Ω0

pex · δu dA0 = 0. (11)

We will employ a Newton-Raphson s
heme to solve for the nodal displa
ements and hen
e we would

need the tangent matrix. For that purpose we obtain the linearized form of the residual R as

dR =
∂R

∂u
· du =

∫

Ω0

dSIJ δEIJ dV0 +

∫

Ω0

SIJ d(δEIJ ) dV0. (12)

De�ning the modulus tensor as

D =
∂S

∂E
(13)

and using (13) in (12) we get

dR =

∫

Ω0

DIJKL δEIJ dEKL dV0 +

∫

Ω0

SIJ d(δEIJ ) dV0. (14)

Finally, using (9) in (14) we get

dR =

∫

Ω0

Jdijkl δǫij dǫkl dV0 +

∫

Ω0

SIJ d(δEIJ ) dV0. (15)

where

Jdijkl = FiIFjJFkKFlLDIJKL (16)

is the modulus tensor in the deformed 
on�guration. Now let us simplify the last integrand of (15).

Noti
ing that δE given by (9) 
an alternatively be expressed as δE = sym(F T
∇0δu) we obtain

d(δE) =
1

2

(

∇0du
T
∇0δu+∇0δu

T
∇0du

)

,

=
1

2

(

F T
∇duT

∇δuF + F T
∇δuT

∇duF
)

(17)
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where sym(·) denotes the symmetri
 part of the tensor in the argument. In deriving (17) we have used

the fa
t that the virtual displa
ement δu is independent of the displa
ement �eld u. Using (17) along

with the standard relation S = F−1τF−T
we 
an rewrite the se
ond integrand of (15) as

S : d(δE) = ∇duτ : ∇δu. (18)

Using (18) we �nally express the linearization term as

dR =

∫

Ω0

Jdijkl δǫij dǫkl dV0 +

∫

Ω0

(∇du)ikτkj(∇δu)ij dV0. (19)
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