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Notation

Nb : number of buses in the network
Ng : number of generator buses
Vk = V rk + ıV mk : complex voltage at bus k using Cartesian coordinates
V rk , V

m
k : real and imaginary part of complex voltage at bus k

Vk = |Vk|eıδk : complex voltage at bus k using Polar coordinates
|Vk|, δk : voltage magnitude and angle at bus k
P gk , Q

g
k : active and reactive power generations at bus k

1 Introduction

In this document, the additional first and second-order partial derivatives of
the power balance and flow equations w.r.t Polar and Cartesian coordinates is
computed using complex matrix notation as shown in Matpower.

2 Derivatives w.r.t x = [~V m, ~V r, ~P g, ~Qg]

2.1 Bus Voltages

2.1.1 First derivatives

~V~Vm =
∂~V

∂~V m
= ı[~1] (1)

~V~V r =
∂~V

∂~V r
= [~1] (2)

~V −1~Vm
=

∂

∂~V m

( 1

~V

)
= −ı[~V ]−2 (3)

~V −1~V r
=

∂

∂~V r

( 1

~V

)
= −[~V ]−2 (4)

2.2 Bus Complex Current Injections

~Ibus = Ybus~V (5)

2.2.1 First derivatives

∂~Ibus
∂x

=
[∂~Ibus
∂~V m

∂~Ibus

∂~V r
0 0

]
(6)

∂~Ibus

∂~V m
= Ybus

∂~V

∂~V m
= ıYbus (7)

∂~Ibus

∂~V r
= Ybus

∂~V

∂~V r
= Ybus (8)
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2.3 Current-mismatch

G(x) = ∆~Ibus = ~Ibus − ~Isp

= Ybus~V −
(

[~Ssp]~V −1
)∗

(Nb × 1) (9)

2.3.1 First Derivatives

Gx =
∂G

∂x
= [G~Vm G~V r G~P g G~Qg ] (Nb × 2(Nb +Ng)) (10)

G~Vm =
∂G

∂~V m
= Ybus

∂~V

∂~V m
− [~Ssp

∗
]
∂
(
~V −1

)∗
∂~V m

= ı
(
Ybus − [~Ssp

∗
][~V ∗]−2

)
(Nb ×Nb) (11)

G~V r =
∂G

∂~V r
= Ybus

∂~V

∂~V r
− [~Ssp

∗
]
∂
(
~V −1

)∗
∂~V r

= Ybus + [~Ssp
∗
][~V ∗]−2 (12)

G~P g =
∂G

∂ ~P g
= Ybus

∂~V

∂ ~P g
− [~V ∗]−1

∂~Ssp
∗

∂ ~P g

= −[~V ∗]−1Cg (Nb ×Ng) (13)

G~Qg =
∂G

∂ ~Qg
= Ybus

∂~V

∂ ~Qg
− [~V ∗]−1

∂~Ssp
∗

∂ ~Qg

= ı[~V ∗]−1Cg (Nb ×Ng) (14)

where Cg is Nb ×Ng generator connection matrix.

2.3.2 Second Derivatives

Gxx(~λ) =
∂

∂x
(GTx

~λ) ∈ C2(Nb+Ng)×2(Nb+Ng)

=


G~Vm~Vm(~λ) G~Vm~V r (~λ) G~Vm ~P g (~λ) G~Vm ~Qg (~λ)

G~V r ~Vm(~λ) G~V r ~V r (~λ) G~V r ~P g (~λ) G~V r ~Qg (~λ)

G~P g ~Vm(~λ) G~P g ~V r (~λ) 0 0

G~Qg ~Vm(~λ) G~Qg ~V r (~λ) 0 0

 (15)
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G~P g ~Vm(~λ) =
∂

∂~V m
(GT~P g

~λ)

=
∂

∂~V m

(
− CTg [~V ∗]−1~λ

)
= −ıCTg [~λ][~V ∗]−2 (Ng ×Nb) (16)

G~P g ~V r (~λ) =
∂

∂~V r
(GT~P g

~λ)

=
∂

∂~V r

(
− CTg [~V ∗]−1~λ

)
= CTg [~λ][~V ∗]−2 (Ng ×Nb) (17)

G~Qg ~Vm(~λ) =
∂

∂~V m
(GT~Qg

~λ)

=
∂

∂~V m
(ıCTg [~V ∗]−1~λ)

= −CTg [~λ][~V ∗]−2 (Ng ×Nb) (18)

G~Qg ~V r (~λ) =
∂

∂~V r
(GT~Qg

~λ)

=
∂

∂~V r
(ıCTg [~V ∗]−1~λ)

= −ıCTg [~λ][~V ∗]−2 (Ng ×Nb) (19)

G~Vm ~P g (~λ) =
∂

∂ ~P g
(GT~Vm

~λ)

= −ı
[
[~V ∗]−2~λ

]∂~Ssp∗
∂ ~P g

= −ı
[
[~V ∗]−2~λ

]
Cg = GT~P g~δ

(~λ) (Nb ×Ng) (20)

G~Vm ~Qg (~λ) =
∂

∂ ~Qg
(GT~Vm

~λ)

= −ı
[
[~V ∗]−2~λ

]∂~Ssp∗
∂ ~Qg

= −
[
[~V ∗]−2~λ

]
Cg = GT~Qg~δ

(~λ) (Nb ×Ng) (21)
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G~V r ~P g (~λ) =
∂

∂ ~P g
(GT~V r

~λ)

=
[
[~V ∗]−2~λ

]∂~Ssp∗
∂ ~P g

=
[
[~V ∗]−2~λ

]
Cg = GT~P g ~V r (~λ) (Nb ×Ng) (22)

G~V r ~Qg (~λ) =
∂

∂ ~Qg
(GT~V r

~λ)

=
[
[ ~|V |]−1[~V ∗]−1~λ

]∂~Ssp∗
∂ ~Qg

= −ı
[
[~V ∗]−2~λ

]
Cg = GT~Qg ~|V |(

~λ) (Nb ×Ng) (23)

G~Vm~Vm(~λ) =
∂

∂~V m
(GT~Vm

~λ)

=
∂

∂~V m

(
ı
(
Y Tbus − [~Ssp

∗
][~V ∗]−2

)
~λ
)

= −ı[~Ssp
∗
][~λ]

∂
(

1
~V 2

)∗
∂~V m

= 2[~Ssp
∗
][~λ][~V ∗]−3 (Nb ×Nb) (24)

G~Vm~V r (~λ) =
∂

∂~V r
(GT~Vm

~λ)

= −ı[~Ssp
∗
][~λ]

∂
(

1
~V 2

)∗
∂~V m

= 2ı[~Ssp
∗
][~λ][~V ∗]−3 (Nb ×Nb) (25)

G~V r ~V r (~λ) =
∂

∂~V r
(GT~V r

~λ)

=
∂

∂~V r

(
Y Tbus

~λ+ [~Ssp
∗
][~V ∗]−2~λ

)
= [~Ssp

∗
][~λ]

∂
(

1
~V 2

)∗
∂~V r

= −2[~Ssp
∗
][~λ][~V ∗]−3 (Nb ×Nb) (26)

G~V r ~Vm(~λ) =
∂

∂~V m
(GT~V r

~λ)

= ~Ssp
∗
][~λ]

∂
(

1
~V 2

)∗
∂~V m

= 2ı[~Ssp
∗
][~λ][~V ∗]−3 (Nb ×Nb) (27)

2.4 Bus Complex Power Injections

~Sbus = [~V ]~I∗bus (28)
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2.5 Power-mismatch

G(x) = ∆~S = ~Sbus − ~Ssp

= [~V ]~I∗bus − ~Ssp (Nb × 1) (29)

2.5.1 First derivatives

Gx =
∂G

∂x
= [G~Vm G~V r G~P g G~Qg ] (Nb × 2(Nb +Ng)) (30)

G~Vm =
∂~Sbus

∂~V m
= [~I∗bus]

∂~V

∂~V m
+ [~V ]

∂~I∗bus

∂~V m

= ı
(

[~I∗bus]− [~V ]Y ∗bus

)
(Nb ×Nb) (31)

G~V r =
∂~Sbus

∂~V r
= [~I∗bus]

∂~V

∂~V r
+ [~V ]

∂~I∗bus

∂~V r

= [~I∗bus] + [~V ]Y ∗bus (Nb ×Nb) (32)

G~P g = −∂
~Ssp

∂ ~P g
= −Cg (Nb ×Ng) (33)

G~Qg = −∂
~Ssp

∂ ~Qg
= −ıCg (Nb ×Ng) (34)

2.5.2 Second derivatives

Gxx(~λ) =
∂

∂x
(GTx

~λ) ∈ C2(Nb+Ng)×2(Nb+Ng)

=


G~Vm~Vm(~λ) G~Vm~V r (~λ) 0 0

G~V r ~Vm(~λ) G~V r ~V r (~λ) 0 0
0 0 0 0
0 0 0 0

 (35)
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G~Vm~Vm(~λ) =
∂

∂~V m
(GT~Vm

~λ)

=
∂

∂~V m

(
ı([~I∗bus]− Y ∗bus

T [~V ])~λ
)

= ı
(

[~λ]
∂~I∗bus

∂~V m
− Y ∗bus

T [~λ]
∂~V

∂~V m

)
= ı
(
− ı[~λ]Y ∗bus − ıY ∗bus

T [~λ][~1]
)

= [~λ]Y ∗bus + Y ∗bus
T [~λ] (Nb ×Nb) (36)

G~Vm~V r (~λ) =
∂

∂~V r
(GT~Vm

~λ)

=
∂

∂~V r

(
ı([~I∗bus]− Y ∗bus

T [~V ])~λ
)

= ı
(

[~λ]
∂~I∗bus

∂~V r
− Y ∗bus

T [~λ]
∂~V

∂~V r

)
= ı
(

[~λ]Y ∗bus − Y ∗bus
T [~λ]

)
(Nb ×Nb) (37)

G~V r ~V r (~λ) =
∂

∂~V r
(GT~V r

~λ)

=
∂

∂~V r

(
([~I∗bus] + Y ∗bus

T [~V ])~λ
)

= [~λ]
∂~I∗bus

∂~V r
+ Y ∗bus

T [~λ]
∂~V

∂~V r

= [~λ]Y ∗bus + Y ∗bus
T [~λ] (Nb ×Nb) (38)

G~V r ~Vm(~λ) =
∂

∂~V m
(GT~V r

~λ)

=
∂

∂~V m

(
([~I∗bus] + Y ∗bus

T [~V ])~λ
)

= [~λ]
∂~I∗bus

∂~V m
+ Y ∗bus

T [~λ]
∂~V

∂~V m

= −ı
(

[~λ]Y ∗bus − Y ∗bus
T [~λ]

)
(Nb ×Nb) (39)

2.6 Branch Voltages

~Vf = CfV (40)

~Vt = CtV (41)

2.6.1 First derivatives

∂~Vf

∂~V m
= ıCf [~1] = ıCf (42)

∂~Vf

∂~V r
= Cf [~1] = Cf . (43)
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2.7 Branch Complex Currents

~If = Yf ~V (44)

~It = Yt~V (45)

2.7.1 First derivatives

∂~If
∂x

=
[ ∂~If
∂~V m

∂~If

∂~V r
0 0

]
(46)

∂~If

∂~V m
= Yf

∂~V

∂~V m
= ıYf (47)

∂~If

∂~V r
= Yf

∂~V

∂~V r
= Yf (48)

2.8 Branch Complex Power Flows

~Sf = [~Vf ]~I∗f (49)

~St = [~Vt]~I
∗
f (50)

2.8.1 First derivatives

~Sfx =
∂~Sf

∂x
= [~Sf~Vm

~Sf~V r
0 0] (51)

~Sf~Vm
=

∂~Sf

∂~V m
= [~I∗f ]

∂~Vf

∂~V m
+ [~Vf ]

∂~I∗f

∂~V m

= ı
(

[~I∗f ]Cf − [~Vf ]Y ∗f

)
(Nb ×Nb) (52)

~Sf~V r
=
∂~Sf

∂~V r
= [~I∗f ]

∂~Vf

∂~V r
+ [~Vf ]

∂~I∗f

∂~V r

= [~I∗f ]Cf + [~Vf ]Y ∗f (Nb ×Nb) (53)

2.8.2 Second derivatives

~Sfxx(~µ) =
∂

∂x
((~Sfx)T ~µ)

=


~Sf~Vm~Vm

(~µ) ~Sf~Vm~V r
(~µ) 0 0

~Sf~V r ~Vm
(~µ) ~Sf~V r ~V r

(~µ) 0 0

0 0 0 0
0 0 0 0

 (54)
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~Sf~Vm~Vm
(~µ) =

∂

∂~V m

(
(~Sf~Vm

)T ~µ
)

=
∂

∂~V m

(
ı
(
CTf [~I∗f ]− Y ∗f

T [~Vf ]
)
~µ
)

= ı
(
CTf [~µ]

∂~I∗f

∂~V m
− Y ∗f

T [~µ]
∂~Vf

∂~V m

)
= CTf [~µ]Y ∗f + Y ∗f

T [~µ]Cf (55)

~Sf~Vm~V r
(~µ) =

∂

∂~V r

(
(~Sf~Vm

)T ~µ
)

= ı
(
CTf [~µ]

∂~I∗f

∂~V r
− Y ∗f

T [~µ]
∂~Vf

∂~V r

)
= ı
(
CTf [~µ]Y ∗f − Y ∗f

T [~µ]Cf

)
(56)

~Sf~V r ~V r
(~µ) =

∂

∂~V r

(
(~Sf~V r

)T ~µ
)

=
∂

∂~V r

(
CTf [~I∗f ]~µ+ Y ∗f

T [~Vf ]~µ
)

= CTf [~µ]
∂~I∗f

∂~V r
+ Y ∗f

T [~µ]
∂~Vf

∂~V r

= CTf [~µ]Y ∗f + Y ∗f
T [~µ]Cf (57)

~Sf~V r ~Vm
(~µ) =

∂

∂~V m

(
(~Sf~V r

)T ~µ
)

= CTf [~µ]
∂~I∗f

∂~V m
+ Y ∗f

T [~µ]
∂~Vf

∂~V m

= −ı
(
CTf [~µ]Y ∗f − Y ∗f

T [~µ]Cf

)
(58)

3 Derivatives w.r.t x = [~δ, ~|V |, ~P g, ~Qg]

3.1 Current-mismatch

G(x) = ∆~Ibus = ~Ibus − ~Isp

= Ybus~V −
(

[~Ssp]~V −1
)∗

(Nb × 1) (59)

Gx =
∂G

∂x
= [G~δ G ~|V | G~P g G~Qg ] (Nb × 2(Nb +Ng)) (60)
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3.1.1 First Derivatives

G~δ =
∂G

∂~δ
= Ybus

∂~V

∂~δ
− [~Ssp

∗
]
∂
(
~V −1

)∗
∂~δ

= ı
(
Ybus[~V ]− [~Ssp

∗
][~V ∗]−1

)
(Nb ×Nb) (61)

G ~|V | =
∂G

∂ ~|V |
= Ybus

∂~V

∂ ~|V |
− [~Ssp

∗
]
∂
(
~V −1

)∗
∂ ~|V |

= Ybus[~V ][ ~|V |]−1 + [~Ssp
∗
][ ~|V |]−1[~V ∗]−1

= Ybus[ ~E] + [~Ssp
∗
][ ~|V |]−1[~V ∗]−1 (Nb ×Nb) (62)

G~P g =
∂G

∂ ~P g
= Ybus

∂~V

∂ ~P g
− [~V ∗]−1

∂~Ssp
∗

∂ ~P g

= −[~V ∗]−1Cg (Nb ×Ng) (63)

G~Qg =
∂G

∂ ~Qg
= Ybus

∂~V

∂ ~Qg
− [~V ∗]−1

∂~Ssp
∗

∂ ~Qg

= ı[~V ∗]−1Cg (Nb ×Ng) (64)

3.1.2 Second Derivatives

Gxx(~λ) =
∂

∂~x
(GTx

~λ) ∈ C2(Nb+Ng)×2(Nb+Ng)

=


G~δ~δ(

~λ) G~δ ~|V |(
~λ) G~δ ~P g (~λ) G~δ ~Qg (~λ)

G ~|V |~δ(
~λ) G ~|V | ~|V |(

~λ) G ~|V |~P g (~λ) G ~|V |~Qg (~λ)

G~P g~δ(
~λ) G~P g ~|V |(

~λ) 0 0

G~Qg~δ(
~λ) G~Qg ~|V |(

~λ) 0 0

 (65)
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G~δ~δ(
~λ) =

∂

∂~δ
(GT~δ

~λ)

=
∂

∂~δ

(
ı
(
[~V ]Y Tbus − [~Ssp

∗
][~V ∗]−1

)
~λ
)

= ı
([
Y Tbus

~λ
]∂~V
∂~δ
− [~Ssp

∗
][~λ]

∂
(

1
~V ∗

)
∂~δ

)
= −

[
Y Tbus

~λ
]
[~V ] + [~Ssp

∗
][~λ][~V ∗]−1 (Nb ×Nb) (66)

G~δ ~|V |(
~λ) =

∂

∂ ~|V |
(GT~δ

~λ)

=
∂

∂ ~|V |

(
ı
(
[~V ]Y Tbus − [~Ssp

∗
][~V ∗]−1

)
~λ
)

= ı
([
Y Tbus

~λ
] ∂~V
∂ ~|V |

− [~Ssp
∗
][~λ]

∂
(

1
~V ∗

)
∂ ~|V |

)
= ı
([
Y Tbus

~λ
]
[~V ][ ~|V |]−1 + [~Ssp

∗
][~λ][ ~|V |]−1[~V ∗]−1

)
(Nb ×Nb)

(67)

G ~|V |~δ(
~λ) =

∂

∂~δ
(GT~|V |

~λ)

=
∂

∂~δ

((
[ ~E]Y Tbus + [~Ssp

∗
][ ~|V |]−1[~V ∗]−1

)
~λ
)

=
[
Y Tbus

~λ
]∂ ~E
∂~δ

+ [~Ssp
∗
][ ~|V |]−1[~λ]

∂
(

1
~V ∗

)
∂~δ

= ı
([
Y Tbus

~λ
]
[ ~E] + [~Ssp

∗
][ ~|V |]−1[~λ][~V ∗]−1

)
(Nb ×Nb) (68)

G ~|V | ~|V |(
~λ) =

∂

∂ ~|V |
(GT~|V |

~λ)

=
∂

∂ ~|V |

((
[ ~E]Y Tbus + [~Ssp

∗
][ ~|V |]−1[~V ∗]−1

)
~λ
)

=
[
Y Tbus

~λ
] ∂ ~E
∂ ~|V |

+ [~Ssp
∗
]
([

[~V ∗]−1~λ
]∂( 1

~|V |

)
∂ ~|V |

+ [ ~|V |]−1[~λ]
∂
(

1
~V ∗

)
∂ ~|V |

)
= −[~Ssp

∗
]
([

[~V ∗]−1~λ
]
[ ~|V |]−2 + [ ~|V |]−1[~λ][ ~|V |]−1[~V ∗]−1

)
= −2[~Ssp

∗
][~V ∗]−1[~λ][ ~|V |]−2 (Nb ×Nb) (69)
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G~P g~δ(
~λ) =

∂

∂~δ
(GT~P g

~λ)

=
∂

∂~δ

(
− CTg [~V ∗]−1~λ

)
= −ıCTg [~λ][~V ∗]−1 (Ng ×Nb) (70)

G~P g ~|V |(
~λ) =

∂

∂ ~|V |
(GT~P g

~λ)

=
∂

∂ ~|V |

(
− CTg [~V ∗]−1~λ

)
= CTg [~λ][ ~|V |]−1[~V ∗]−1 (Ng ×Nb) (71)

G~Qg~δ(
~λ) =

∂

∂~δ
(GT~Qg

~λ)

=
∂

∂~δ
(ıCTg [~V ∗]−1~λ)

= −CTg [~λ][~V ∗]−1 (Ng ×Nb) (72)

G~Qg ~|V |(
~λ) =

∂

∂ ~|V |
(GT~Qg

~λ)

=
∂

∂ ~|V |
(ıCTg [~V ∗]−1~λ)

= −ıCTg [~λ][~V ∗]−1[ ~|V |]−1 (Ng ×Nb) (73)

G~δ ~P g (~λ) =
∂

∂ ~P g
(GT~δ

~λ)

= −ı
[
[~V ∗]−1~λ

]∂~Ssp∗
∂ ~P g

= −ı
[
[~V ∗]−1~λ

]
Cg = GT~P g~δ

(~λ) (Nb ×Ng) (74)

G~δ ~Qg (~λ) =
∂

∂ ~Qg
(GT~δ

~λ)

= −ı
[
[~V ∗]−1~λ

]∂~Ssp∗
∂ ~Qg

= −
[
[~V ∗]−1~λ

]
Cg = GT~Qg~δ

(~λ) (Nb ×Ng) (75)

G ~|V |~P g (~λ) =
∂

∂ ~P g
(GT~|V |

~λ)

=
[
[ ~|V |]−1[~V ∗]−1~λ

]∂~Ssp∗
∂ ~P g

=
[
[ ~|V |]−1[~V ∗]−1~λ

]
Cg = GT~P g ~|V |(

~λ) (Nb ×Ng) (76)

G ~|V |~Qg (~λ) =
∂

∂ ~Qg
(GT~|V |

~λ)

=
[
[ ~|V |]−1[~V ∗]−1~λ

]∂~Ssp∗
∂ ~Qg

= −ı
[
[ ~|V |]−1[~V ∗]−1~λ

]
Cg = GT~Qg ~|V |(

~λ) (Nb ×Ng) (77)
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